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Abstract

The theory of polarization transfer in an inhomogeneous magne-
tized plasma medium is extended to include the effects of the mode-
coupling phenomenon. The resultant system of polarization transfer

equations is analyzed for several special cases of interest.
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I. Introduction

Based on the observed polarization properties of certain astro-
physical emission, it is desirable to deduce the polarization charac-
teristics of the waves emitted at the source. 1In such investigations,
one has to study the polarization transfer of the radiation through
the intervening medium. Generally, two methods are used to study the
polarization transfer of e.m. waves (Born and Wolf, 1959; Kawabata, 100k;
Kai, 1965; Zheleznyakov, 1968; Fung, 1969): (1) use the system of wave
equations and study the spatial transfer of the wave characteristics
through the medium; (2) study the transfer of the Stokes parameters.
Practically, it is more difficult and tedious to use method 1. The
reason for this can be understood after consideration of the different
characteristic lengths involved in the two systems of equations appro-
priate to the two methods; these lengths are the spatial distances re-
guired for one periodic variation of the variables considered in each
system of equations, The characteristic length of the polarization
transfer equations (describing the transfer of Stokes parameters) is
the distance of one complete Faraday rotation, which, in most astro-
physical plasmas, is much larger than the characteristic length of
the wave equations (i.e. the wavelength)., If the medium can be con-
sidered as "slowly varying" for certain radiation frequency, it is
therefore more convenient to study the transfer of polarization pro-
perties by means of method 2. Moreover, the additive property of the
Stokes parameters enables the simultaneous handling of various pheno-
mena like the differential absorption of the two characteristic modes,
emissivity of the medium, etc. However, it should be remarked that the
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Stokes parameters are macroscopic quantities, hence any variation of
microscopic quantity like the variation in phase velocity (due to mode
coupling, for example) can only be deduced by method 1.

The investigation of the transfer of wave polarization in homoge-
neous magnetized plasmas, including Faraday rotation and differential
absorption, was initiated by Kawabata (1964) and Kai (1965). Weak
anisotropy of the plasma was included later in the theory of Sazonov
and Tsytovich (1968). Zheleznyakov (1968) extended the theory for
the case of quasi-longitudinal propagation in a medium with an arbitrary
degree of anisotropy. The polarization transfer of radio waves through
a magnetized plasma at an arbitrary direction to the static magnetic
field has been investigated by Fung (1969). In all these studies, the
two characteristic modes (ordinary and extraordinary) are treated as
independent during the radiative transfer. However, we know that when
electromagnetic waves propagate in an inhomogeneous magnetized plasma,
magnetoionic mode coupling can be significant (see Cohen, 1960), and
this can affect the polarization properties of the radiation remarkably.
It is thus the purpose of this paper to derive a more general system of
equations describing the transfer of Stokes parameters at an arbitrary
direction in an inhomogeneous magnetized plasma when the effects of
magnetoionic mode coupling are included. The calculation error in the
derivation of the polarization transfer equations carried out earlier
by Fung (1969) is corrected. The system of equation derived is analyzed

for some special cases of physical interest.



IT. Derivation of Polarization Transfer Equations

The transfer of electromagnetic radiation through a magnetized
plasma will be discussed in terms of Stokes parameters which completely
specify the macroscopic polarization properties of the radiation. The
Stokes parameters can be defined in terms of the polarization tensor

I.,. as
iJ

(1)

and the polarization tensor is defined in terms of the components of

the electric induction vector as
I,.=<DD> (2)
1] 1]

where < > 1is the time-average operator. Generally, any electromag-
netic wave propagating along the z-direction can be expressed as the

sum of two characteristic modes (see Kawabata, 1964):

D,(z,t) = A (z)v; exp {-1[wt —.[ke(z) dz - we]}

+ Ao(z)vio exp{-ifwt ~.[k0(z) dz - woj}

]

where Ao(z), Ae(z) wave amplitudes of the o and e modes,

respectively

their initial phases
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k(z) = K(z) + in(z) where the real part k(z) is the wave num-
number, and the imaginary part u(z) is the amplitude-
absorption coefficient

the subscript i takes the value x,y.

vie’vio = components of the polarization vectors expressed in
terms of the Appleton-Hartree parameters X,Y,6, as given
by Kai (1965):
\)Xe = bl \)ye = lb2
(3)
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The components of the polarization vectors satisfy the following

orthogonal relations:

i
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When the medium can be considered as slowly varying, the changes



of the amplitudes Ao’ Ae in space due to the mode-coupling phenomenon

can be expressed as (see Chin and Fung 1970)

Al = CA_ exp[{{(ke—ko) dz ] (5a)

b=
o -
Il

CA, exp[—{[(ke—ko) dz ] (5b)

where the coupling coefficients Co’ Ce and the characteristic pola-

rization RO are defined as follows:

e
R'e kg < R(') + Ré
C = —— — exp iy——————— dz (6a)
€ Re - Ro k3 Re - Ro
o
Ry ko [ R
c, = TN exp j£ — dz (6b)
o e k e o)
o
1/2
1/2(Y§—Y2) * [(1/4)Y¥ + Yi(U—X)Q]
R = y - (60)

9 VY - 1Y (0-X)

where YX = YT cos @; Yy = YT sin @; the prime represents differen-

tiation with respect to z.
For simplicity, a coordinate system (@ = 900; see Fig. 1) with
a magnetic field in the yz~-plane is chosen, and the thermal absorption
is neglected in C0 and Ce in comparison to the wave numbers E;
and E;. As a result, RO and Rg are pure imaginary, as seen from
e e

(6¢c) by setting Y = 0. In this case, the coupling coefficients

C, and C_ in Eq. (6) are then real:
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Fig. 1 Coordinate system of the problem



It should be noted that, for the coordinate system with @ = 900,

Ro = 1/Re and this result has been used for the above derivation.
Following the method of Fung (1969) and Zheleznyakov (1968), we

obtain the following equation describing the transfer of the polariza-

tion tensor I, .:
i]

dIlj
= - +
dz “ijimtim * Bijimlin T Cijintim (8)
where
%ijlm = 2M’e\)le\)ge\)le\)me on vlevgovlovmo
+ + + 9 )
(”e "o )( 1e Jovlevmo viovjevlovmo
L~ ¥ ¥ ¥
Rijlm = 1<k K )( ie Jo levmo - Viovjevlovme>
C c (v F & ra, v )
ijlm ~ e iowﬁo 1m ijvlevme
+
+C (vlevJeGlm 13 10 mo)
< expl )1> + v, v; < exp[-i ) 1>
Gij = vievjo<iexp l(we—wo > VioVye < e¥P 1(?6 v .
The Rijlm term characterized the Faraday rotation on the polariza-

tion transfer of the waves, and Mijlm specifies the effects of ab-
sorption on the transfer of intensity and polarization. The changes

in the polarization properties of the waves caused by the mode-coupling



phenomenon is contained in the tensor Cijlm' Because this phenomenon
in nonlinear, the Stokes parameters will be nonlinearly related as seen

from the definition of C, .

ijlm’ Generally speaking, a source terms

Sij (which describes the contribution to Iij from the medium) can
be added to the right-hand side of Eq. (8). The structure of equation
(8) manifests the convenience of the additivity property of the Stokes
parameters in handling different phenomena.

The equations describing the transfer of the Stokes parameters
now can be derived using the method developed by Zheleznyakov (1968)
and by Fung (1969)

dI 2 2)
d—Z_ = —(%e’*‘KO)I - (bl-b2 (%e—%O)Q + 2b1b2<%’e-’4‘o)v

+ 2(c ) \/1016 cosf (Ee-’1:0> dz (9a)

ﬂ,_<2_2> -
= - {py-b5 ) (% n,)I + 2bb

dz (ke‘kO)U h (%e+%o)Q

2

2 2 . N_N
l—b2 >(ce—co)\/101e cos (ke ko) dz

+ bbb o(C I+ C I )<sin (Y -4,)> (9Db)
du ~ o~ 2 .2
dz _2b1b2(ke—ko)q - (%é+M0)U h (bl b2>v

+ 2(CeIe + COIO)<cos (q;e—q;o)> (9¢)



av
dz

2 2\ o~ o~
= 2b1b2(ne—uo)1 + (b1-b2> (ke—ko)U - (“e""o)v

+ hpb(c-c)) \/i)_I—; cos J-('Ee-ic"o) dz
+ 2(bf-b§>(cexe + C I )<sin (Y -¢ )> . (9d)
oo e "o
In the above system of equations the quantities E; o’ " , b
Ce,o are in general functions of 1z,
The initial values of the Stokes parameters can be calculated
from Egs. (2.21) and (2.20) of the paper by Fung (1969).
From Egs. (9) and (10), we have the transfer equations for I,I,

when the effects of mode coupling are included:

—2_ oI + 2 VII cos|(R-K) dz , (10a)
dz o o o} o'e e o

ar_

T = Ten I, t 2c, v I I, cos (ke-ko) dz . (10b)

In view of Egqs. (9) and (10), it can be seen that the phase relation-
ship between the two modes, consisting of the relation between the
initial phases and the contributions caused by Faraday rotation, plays
an important role in the transfer of the Stokes parameters.

It should also be noted that in the derivation of Eq. (9), a
weakly lossy medium (such as the solar corona) has been assumed; there-
fore, the absorptions %e and no have been neglected in the deri-
vation of the coupling coefficients Ce and Co' If the medium is

significantly lossy (that is, the amplitude absorptions are no longer



~

negligible in comparison to ke and ?;), the coupling coefficients
in Eqs. (7) become complex. In this case, the component fed from one

mode to another will have a phase shift dependent on the absorption of

the medium.
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III. Special Cases

In this section, we shall proceed to analyze the system of polari-

zation transfer equations derived in the last section for some special

cases of interest. When the effects of coupling are included, the

equations describing the transfer of the Stokes parameters are involved

and the physical insight of various terms in the equations is not ob-

vious., Therefore, we shall only discuss cases when the mode coupling

phenomenon is insignificant.

(a) When the initial phase between waves of the two characteristic

modes is finite

In this case C_=C_ =0 and system (9) is simplified to

dI
dz

dqQ
dz

du
dz

dav
dz

Equations

by Fung (1969)

work.

2.2
—(%é+ub)1 - (bl_be) (ué—ub)Q + 2b1b2(ué—ub)v (11a)
—(bz—b2> (-1 )T = (n+n)Q + 2b b _(¥ -k )U (11b)
1 2 e Mb ué M'o 1 2 e o

_2b1b2(ke-—ko)Q - (ne+%o)U - (bl—b2) (ke— O)V (11c)
+2b. b (n -u )I + (bg—b2> (X K )U = (n+n )V (11q)
172V% "o 12 e o e "o

(11c) and (11d) are different from the results presented

because a calculation error has been made in the previous

In the above system of equations, the terms associated with co-

. o~ SN I
efficients such as = gblbe(ke ko) or #* (b] b2>(ke ko) indicate

that the magnitudes of Q, U, and V are oscillating at the same
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Faraday-rotation rate. The Faraday rotation, therefore, will not simply
rotate the whole ellipse but it will also change the eccentricity of its
ellipse. The fluctuation of this eccentricity is also effective in the
mode-coupling phenomenon, as seen from Eqs. (9). For a homogeneous

medium, the solutions to Egs. (11) are

0 0
I=1 exp(—2%ez) + I exp(—2noz) (12a)

0 0 2 .2 0]
Q = (bl—b ) [Ie exp(—zuéz) - I exp(—2ubz)] + 2b1b2[Kbl—b2> v
+ 2b. b QO exp[-(u +n )z] cos (K -k )z
172 e o e o

+ 2blb

0 e
U exp[—(ué+ub)z] sin (ke—ko)z (12b)

2 2\ .0 0 L
U= - [(bl-b2> V' + 2bb.Q ] exp[-(utn )z] sin (k_-k )z

+ o° exp[—(ne+ub)z] cos (ﬁ;-ﬁ;)z (12¢)

0 .0
V= 2b1b2[—1e exp(—EMeZ) + I exp(—Esz)]
0 2.2 . ~ o~
+ U <b1—b2> exp[—(ne+ub)z] sin (ke ko)z
22 [(v2-02) v° 0 _ o o oy
+ <b1—b2> [bl by) Vo 2b,b,Q exp[ (ué+ub)z] cos (ke ko)z (124)
where 12, Ig, VO, UO, and QO are initial values,

In general, if the dominant absorption process is thermal in
nature, Hg = n From equation (3), we observe that bl 2 0 and
bl 2 b2. The consequence of these results is that coefficients of the

form _<b§—b§><%e_ub) in equations (11) are negative. Since there is
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no coefficient of the form (%e-ub) appearing in the differential
equation for U (i.e. 1llc), the finiteness of differential absorption
will not affect the nature of the variation of U in =z. Consequently,

1/2

the degree of linear polarization p_ = (Q2+U2) /I will always be

L
reduced as the radiation propagates along. On the other hand, with
Mo = o and b1 2 O, the sign of the coefficient 2b1b2(ne—ub)

(appearing in 11la and lld) depends on the sign of b2. From equation

(3), it is clear that b, will assume negative value (positive value)
when the angle O between the wave vector and static magnetic field is
greater (smaller) than 900. Hence the value of V and thus the degree
of circular polarization (pc = ‘V\/I) will be dec%eased or increased
due to the effects of differential absorption (manifests itself in the
coefficients 2blb2(ué—ub)) depending on whether © 1is smaller or
greater than 900.

(b) When the phase relation between the two modes is randomized.

When the generating mechanism is incoherent or when a large amount
of Faraday rotation occurs in the source region, the phase between the
characteristic waves are usually randomized. In this case, the pola-~
rization transfer equations are different from the radiation where a

definite phase relationship appears between the two characteristic

modes, When the phase between the e and o modes is randomized,
<expl(y_-y ) 1>= 0

From Eq. (8),
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2 2
- = =(ntu )1 - (bl—b2> (mg=n,)Q + 2b b, (n = )V (13a)

5 = (F0g) (-t - (f52) gt )a v 2o g ] 130)

av 2.2 3
= - gblbg[(ne—no)l + (bl_b2> (ne+uo)Q - 2b1b2( %e+u0)VJ (13c)

When the initial phase between the two modes in randomized, the
resultant wave after mode coupling gradually will be depolarized as a
result of the addition of the components with random phase. No Faraday
rotation is observable in this case because all terms related to
(E;—E;) are missing in Eqs. (12). The randomization of the phase
between the two modes further reduces the number of independent Stokes
parameters; it can be seen from Fung (1969) that U is always equal
to zero, leading to the result that the degree of linear polarization
is directly proportional to Q.

For longitudinal propagation, bl = b2 = 1/2 which implies that
Q = 0. It can be seen from Eqs. (13) that the polarization of the wave
can be completely specified by I and V. The nature of polarization
can only be circular. For transverse propagation, b2 = 0 implying
V = 0. The only Stokes parameters left are I and Q, so that the
polarization is linear., Therefore, for radiation with no initial phase
relationship, the nature of polarization is completely determined by
the condition of the intervening medium, but not by its generating

mechanism at the source.

For a homogeneous medium, Eqs. (12) can readily be solved, and

1L



the solutions are

I =10 exp(-21_z) + 1o exp(-2x z) (1ka)

Q= —(Ibf—bg>[12 exp(-2x 2) - 12 exp(-znez)] (14b)
U=0 (1ke)

V= 2blb2[12 exp(—2%oz) - 12 exp(—mez)] (1k4d)

These equations transit to the result of Zheleznyakov, considering

UO = QO = O in this case.
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IV. Conclusions

In this paper, the theory of polarization transfer developed by
Kawabata, Kai,AZheleznyakov and Fung has been extended to include the
effects of magnetoionic mode coupling. A calculation error in the
previous derivation of the polarization transfer equations (Fung, 1969)
has been corrected. The system of transfer equations is simplified and
analyzed under several physical assumptions., From this study, we
observe that if the initial phase relationship between the two modes
in finite, Faraday rotation not only rotates the polarization ellipse
as the waves propagate, but also changes the eccentricity of the ellipse
in an oscillating manner, When the initial phase between waves of
the two characteristic modes is randomized, the resulting polarization
characteristics of certain radiation passing through a medium are mainly
determined by the properties of the intervening medium,

The significance of the mode coupling phenomenon in the observed
polarization properties of astrophysical emissions has been discussed
by Cohen (1960). The system of polarization transfer equations derived
in this paper can therefore be relevant to the study of some types of

cosmic and solar radio emissions.
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